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The scale-dependence of the nucleon-nucleon interaction, which in recent years has been exten-
sively analysed within the context of chiral effective field theory, is, in fact, inherent in any potential
models constrained by a fit to scattering data. A comparison between a purely phenomenological
potential and local interactions derived from chiral effective field theory suggests that—thanks to
the ability to describe nucleon-nucleon scattering at higher energies, as well as the deuteron momen-
tum distribution extracted from electro-disintegration data—phenomenological potentials are best
suited for the description of nuclear dynamics at the scale relevant to neutron star matter.
PACS numbers: 13.75.Cs, 21.30.-x, 21.65.-f
The interpretation of the observed properties of nu-
clear systems in terms of forces acting between the
constituent nucleons has long been recognised as a
formidable endeavor. Over six decades after publication
of the article in which Hans Bethe famously addressed
the question ”What Holds the Nucleus Together?” [1], a
large amount of work is still being devoted to the devel-
opment of accurate theoretical models of nuclear forces.
Ideally, such models should provide the basis for a uni-
fied description of a broad range of systems, from the
deuteron to neutron stars [2], in which nucleon-nucleon
interactions occur at different ranges, and therefore in-
volve different energies.
In principle, the description of nuclear dynamics
should be based on the fundamental theory of strong in-
teractions: Quantum Chromo-Dynamics, or QCD. The
efforts aimed at deriving the nucleon-nucleon (NN) po-
tential from lattice QCD have recently achieved remark-
able success in predicting its prominent qualitative fea-
tures [3, 4]. However, the results of pioneering calcu-
lations, performed using potentials obtained from lat-
tice QCD studies, suggest that significant developments
will be necessary to explain nuclear matter properties at
quantitative level [5].
In the absence of a truly fundamental approach, a num-
ber of NN potential models have been developed com-
bining the time-honored Yukawa’s pion-exchange the-
ory [6]—which is known to describe the interaction at
long distance—and phenomenology. In this context, a
great deal of empirical information is provided by the
two-nucleon system, in both bound and scattering states.
Deuteron properties and the large database of NN scat-
tering phase shifts at laboratory energies up to pion
production threshold have been extensively exploited to
obtain high-precision phenomenological potentials, see
Ref. [7] and references therein.
A more fundamental approach, in which the nuclear
potential is derived from an effective Lagrangian involv-
ing pions and low-momentum nucleons, constrained by
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the broken chiral symmetry of QCD, was proposed by
Steven Weinberg at the beginning of the 1990s [8]. This
formalism provides a systematic scheme, referred to as
Chiral Effective Field Theory (χEFT), in which nuclear
interactions are expanded in powers of a small parameter,
e.g. the ratio between the pion mass, mpi, or a typical
nucleon momentum, Q, and the scale of chiral symmetry
breaking, Λχ ∼ 1 GeV. Within this framework, long-
and intermediate-range nuclear forces, originating from
pion exchange processes, are fully determined by pion-
nucleon observables, whereas short-range interactions are
described by contact terms involving a set of additional
parameters, fixed in such a way as to reproduce NN scat-
tering phase shifts. As pointed out in Ref. [8], a major
advantage of χEFT lies in the possibility to describe two-
and many-nucleon potentials within a unified formalism.
In this paper, I will focus on the two-nucleon sec-
tor, and compare a phenomenological potential to local
χEFT interactions, to determine their respective ability
to describe nuclear matter at supra-nuclear densities and,
more generally, short-range nuclear dynamics. This fea-
ture is essential to neutron-star modelling, and will be
of paramount importance in the dawning era of gravita-
tional wave astronomy [9, 10].
Purely phenomenological potentials such as the Ar-
gonne v18 model (AV18) [7], widely employed to perform
nuclear matter calculations [11, 12], are defined in coor-
dinate space in the form
vij =
18∑
p=1
vp(rij)O
p
ij . (1)
The functions vp, involving a set of adjustable param-
eters whose value is determined fitting NN data, only
depend on the distance between the interacting parti-
cles, rij = |ri − rj |. The operators Opij , on the other
hand, account for the strong spin-isospin dependence of
NN interactions, as well as for the presence of non-central
forces. The dominant contributions to the sum appear-
ing in the right-hand side of Eq.(1) are those associated
with the six operators
Op≤6ij = [1 , (σi · σj), Sij ]⊗ [1 , (τ i · τ j)] , (2)
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2where the Pauli matrices σi and τ i describe spin
and isospin of the i-th nucleon, respectively, and
Sij = 3(rij · σi)(rij · σi)/r2ij − (σi · σj). The contri-
butions corresponding to p = 7, . . . , 14 are associated
with the non-static components of the NN interaction,
while those corresponding to p = 15, . . . , 18 take into
account small violations of charge independence. For
large distances the AV18 model reduces to Yukawa’s
one-pion-exchange potential, that can be written in
terms of the six operators of Eq.(2).
At leading order (LO) of χEFT, the NN potential
comprises Yukawa’s one-pion exchange and two contact
terms. Next-to-leading order (NLO) and next-to-next-to-
leading order (N2LO) contributions also involve two-pion
exchange, as well as a set of additional contact terms.
Early χEFT potentials have been derived in momen-
tum space [13, 14]. A procedure to obtain a local co-
ordinate space representation—needed to carry out ac-
curate Quantum Monte Carlo (QMC) calculations—has
been developed in Refs. [15, 16]. The numerical results
of calculations performed using the Auxiliary Field Dif-
fusion Monte Carlo (AFDMC) technique demonstrate
that N2LO coordinate space Hamiltonians including both
two- and three-nucleon interactions provide a remarkably
good account of the ground-state energies and charge
radii of nuclei with A ≤ 16 [17].
Theoretical studies based on χEFT have been also ex-
tended to nuclear matter [16, 18]. However, the present
development of the QMC approach, recently reviewed
in Ref. [19], only allows to treat pure neutron mat-
ter (PNM). Combined analyses of PNM and isospin-
symmetric nuclear matter (SNM)—needed to study the
properties of β-stable neutron star matter—have been
carried out within the framework of more approximated
methods [20].
Being based on a low momentum expansion, χEFT is
inherently limited when it comes to describing dense sys-
tems, in which short-range dynamics plays a dominant
role and NN interactions involve high energies. In ad-
dition, chiral potentials depend on a momentum-space
cutoff, Λ, which in the coordinate-space representation is
replaced by a parameter, R0, determining the range of
the regulator function that smoothly cuts off one- and
two-pion exchange interactions at short distances. In
Refs. [15, 16], the same range, R0 ∼ 1 fm, corresponding
to Λ ∼ 500 MeV, has been also used to smear the δ-
functions arising from Fourier transformation of the con-
tact terms. As a result, χEFT potentials are expected
to describe interactions up to an energy scale—or, equiv-
alently, down to a resolution scale—determined by the
combined effects of the truncation of the low-momentum
expansion and the range of the regulator function.
The scale dependence, which naturally emerges within
the context of χEFT, is also inherent in any phenomeno-
logical models of the NN potential obtained from a fit
to scattering data. Because the fit actually involves the
scattering amplitude, which is explicitly energy depen-
dent, in this case the scale is simply determined by the
upper limit of the energy range in which the data can be
accurately reproduced. Note that this conclusion applies
to purely phenomenological and χEFT potentials alike.
In view of the above considerations, the questions arise
of what the energy scale relevant to neutron star matter
is, and what potential model is best suited to describe the
corresponding regime. To address these issues, consider
that in strongly degenerate fermion systems, such as cold
nuclear matter, only nucleons in states close to the Fermi
surface can participate in scattering processes. It follows
that the center-of-mass energy of the collisions can be
written in terms of the nucleon Fermi momentum, which
in turn is simply related to the density. In the case of
head-on collisions in PNM at density n one finds
Ecm =
1
m
(3pi2n)2/3 , (3)
where m is the nucleon mass.
FIG. 1. Neutron-proton scattering phase shitfs in the 1S0
channel, as a function of kinetic energy of the beam particle
in the laboratory frame (bottom axis). The corresponding
density of PNM—in units of the equilibrium density of SNM,
n0 = 0.16 fm
−3—is given in the top axis. The solid line has
been obtained using the AV18 potential, while the shaded
regions illustrate the spread between the NLO (dashed lines)
and N2LO (dot-dash lines) predictions of the χEFT potentials
of Ref. [16], obtained setting R0 = 1.0 and 1.2 fm. Squares
and circles represent the results of the analyses of Refs. [22, 23]
and [24], respectively.
Figure 1 shows the energy dependence of the proton-
neutron scattering phase shifts in the 1S0 partial wave,
obtained within the approach of Ref. [21] using the AV18
potential and the local chiral potentials of Ref. [16]. Note
that the AV18 interaction has been obtained fitting all
phase shifts included in the Nijmegen data base, extend-
ing up to Elab = 350 MeV, while the fit performed by
the authors of Ref. [16] is limited to Elab = 150 MeV
and 100 MeV for R0 = 1.0 and 1.2 fm, respectively.
The solid line represents the results obtained using the
AV18 potential, while the shaded regions illustrate the
3spread between the NLO (dashed lines) and N2LO (dot-
dash lines) χEFT predictions corresponding to R0 = 1.0
and 1.2 fm. It is apparent that the uncertainty associated
with the cutoff R0 is larger than the one arising form
the convergence of the chiral expansion, and that the
results obtained with the choice R0 = 1 fm, leading to
a harder interaction, provide a better description of the
phase shifts at energies larger than ∼150 MeV. However,
in this case the dashed line, showing the results of the
NLO approximation, turns out to lie consistently closer
to the data than the dot-dash line, corresponding to the
N2LO approximation.
The top axis of Fig.1 reports the values of PNM den-
sity, obtained from Eq. (3) with Elab = 2Ecm, in units
of the equilibrium density of SNM, n0 = 0.16 fm
−3. The
AV18 potential, yielding an accurate description of the
data up to energies Elab ≈ 600 MeV—well beyond pion
production threshold—appears to be best suited to de-
scribe matter at densities as high as 4n0, while the re-
gion of applicability of the potentials of Ref. [16] is much
more limited. The picture emerging from Fig. 1 is consis-
tent with the results of Ref. [18], whose authors conclude
that using interactions obtained from χEFT the equa-
tion of state of PNM can only be reliably calculated up
to n . 2n0.
The accuracy to which a potential describes short-
range interactions, involving large energies, can be fur-
ther investigated in the two-nucleon sector, studying ob-
servables that carry information on the high-momentum
components of the deuteron wave function.
Up to corrections arising from final state interactions
and two-body current contributions, which can be accu-
rately taken into account, the measured cross section of
the deuteron electro-disintegration process
e+ 2H→ e′ + p+ n , (4)
in which the scattered electron and the knocked-out pro-
ton are detected in coincidence, provides a measurement
of the momentum distribution
n(k) =
∣∣∣∣∫ d3reik·rψD(r)∣∣∣∣2 , (5)
where ψD(r) denotes the deuteron wave function, for
k . 300 MeV [25, 26].
Additional information on n(k) is obtained from the
cross section of the inclusive reaction, in which only the
scattered electron is detected [27]. The observation of
scaling in the variable y, defined by the relation
ω +MD =
√
m2 + (q + y)2 +
√
m2 + y2 , (6)
where MD is the deuteron mass and q and ω denote the
momentum and energy transfer, respectively, reflects the
onset of the kinematical regime in which quasi-elastic nu-
cleon knockout is the dominant process contributing to
the cross section. In this region the electromagnetic re-
sponse of the target nucleus, which in general depends on
both q and ω, becomes a function of the single variable
y = y(q, ω), which is simply related to the initial mo-
mentum of the struck nucleon, and n(k) can be obtained
from inclusive data. The analysis carried out by the au-
thors of Ref. [28], based on the cross sections reported
in Refs. [29, 30], provides an accurate determination of
n(k) for momenta as high as 700 MeV. High-momentum
components have been shown to strongly affect the in-
clusive electron-deuteron cross section in the kinematical
region of high q and ω 
√
q2 +m2 −m, corresponding
to large negative values of y [31].
In Fig. 2 the deuteron momentum distributions ob-
tained from the AV18 potential and the chiral potentials
of Ref. [16] are compared to the available data. Open
circles and squares correspond to the analyses of the
measured 2H(e, e′p) [25] and 2H(e, e′) [29, 30] cross sec-
tions carried out by the authors of Refs. [26] and [28],
respectively. It has to be emphasized that the excellent
agreement between the results of Refs. [26] and [28] at
k . 300 MeV strongly supports the validity and accu-
racy of the y-scaling analysis.
FIG. 2. Deuteron momentum distribution. The solid line has
been obtained using the AV18 potential, while the shaded
regions illustrate the spread between the NLO (dashed lines)
and N2LO (dot-dash lines) predictions of the χEFT potentials
of Ref. [16], obtained setting the parameter R0 to 1.0 and
1.2 fm. Open circles and squares represent the results of the
analyses of electron scattering data carried out by the authors
of Refs. [26] and [28], respectively.
The pattern emerging from Fig. 2 appears to be con-
sistent with that of Fig. 1. The phenomenological AV18
potential accounts for the data up to the highest momen-
tum, while the chiral interactions provide an accurate de-
scription only at k . 300 MeV. At higher momentum, the
results obtained using the harder potentials, correspond-
4ing to R0 = 1 fm, are generally closer to the data, but
the uncertainty associated with the truncation of the low-
momentum expansion rapidly increases, reaching ∼ 50%
at k ∼ 500 MeV. At k & 600 MeV the predictions of
χEFT tend to fall well below the experimental points, ir-
respective of the value of R0, with the disturbing feature
that going from NLO to N2LO leads to a sizable reduc-
tion of n(k). To make a connection between the results
of Fig. 2 and nuclear matter properties, consider that a
Fermi momentum of ∼ 300 MeV corresponds to a density
n ∼ 0.75 n0 in PNM.
Note that, while accounting for only few percent of
the wave-function normalisation, high-momentum com-
ponents sizeably affect the expectation value of the ki-
netic energy, 〈T 〉. For example, in the case of the AV18
potential, the region of k > 350 MeV provides about
16% of the total. Because NN potentials are optimised
to reproduce the deuteron ground state energy, 〈E〉, the
availability of a momentum distribution providing an ac-
curate description of the data allows for an independent
determination of 〈T 〉, which can be exploited to pin down
the expectation value of the interaction energy, 〈V 〉. The
values of 〈E〉, 〈T 〉, and 〈V 〉 obtained using the AV18
potential and the local χEFT potentials of Ref. [16] are
listed in Table I. It is apparent that significant differences
occur also at the level of average ground state properties.
〈E〉 〈T 〉 〈V 〉
AV18 -2.225 19.791 -22.016
R0 = 1.0 fm LO -2.019 17.430 -19.449
NLO -2.150 20.867 -23.017
N2LO -2.203 17.640 -19.843
R0 = 1.2 fm LO -2.025 15.434 -17.459
NLO -2.162 16.980 -19.142
N2LO -2.200 15.546 -17.746
TABLE I. Breakdown of the deuteron binding energy, 〈E〉,
into kinetic and interaction contributions, denoted 〈T 〉 and
〈V 〉, respectively. All energies are given in units of MeV.
The results discussed in this paper show that, unlike
phenomenological models, local potentials derived from
χEFT at N2LO level fail to provide an accurate descrip-
tion of NN interactions—both in free space and in the
deuteron—at a scale corresponding to center-of-mass en-
ergies exceeding ∼ 100 MeV. As a consequence, phe-
nomenological models appear to be best suited to study
the properties of dense matter relevant to astrophysi-
cal applications—such as the equation of state and the
dynamical quantities driving neutron-star evolution and
gravitational-wave emission [32, 33]—as well as nuclear
observables sensitive to short-range dynamics [34, 35].
In principle, the ability of χEFT potentials to describe
nuclear interactions at higher energies can be systemati-
cally improved taking into account higher order terms of
the chiral expansion. However, the results of the state-
of-the-art study of Ref. [36] indicate that including con-
tributions up to N4LO does not dramatically change the
picture. The region in which the data is accurately re-
produced turns out to be extended to Elab ∼ 300 MeV,
corresponding to densities n ∼ 1.5 n0 in PNM, see Fig.1.
Harder χEFT potentials, suitable to describe dense
matter, may be also obtained increasing the value of the
cutoff Λ, or, equivalently, reducing the range of the regu-
lator function in coordinate space, R0. However, the au-
thors of Ref. [16] report that fitting the NN phase shifts
with R0 = 0.9 fm leads to unnatural values of the cou-
plings associated with contact terms. In addition, the
results of the phase-shift analysis of Ref. [37], carried out
within the infinite-cutoff renormalisation scheme includ-
ing terms up to N3LO, show that, while in low angular
momentum partial waves cutoff independence is achieved
at all orders of the chiral expansion for Λ & 5 GeV, the
expansion does not converge or fails to converge to the
experimental data.
In the absence of a systematic scheme, the uncertainty
associated with the phenomenological approach can be
estimated comparing results obtained from different po-
tentials providing comparable fits of the data, along the
line of the work of Ref. [38]. The results of this study
show that the discrepancy between the interaction en-
ergies of PNM obtained using the Argonne v14 [39] and
Urbana v14 [40] NN potentials is ∼ 3% at n ∼ n0, and
remains . 20% up to densities n & 3n0.
As a final remark, it must be pointed out that the
discussion on the scale dependence of nuclear potentials
ultimately brings us to the deeper question about the lim-
its of the paradigm underlying nuclear many-body the-
ory. The description in terms of point-like nucleons is ex-
pected to break down in the neutron star core [41], as well
as in scattering processes involving strongly correlated
nucleons [42, 43]. However, the occurrence of y-scaling
in electron scattering off a variety of targets, ranging from
2H to nuclei as heavy as 197Au [44], unambiguously shows
that at momentum transfer q & 1 GeV and negative y the
beam particles couple to nucleons, carrying momenta up
to ∼ 700 MeV. This observation appears to be supported
by the results of a simple model calculation of the proper-
ties of the six-quark system [45], suggesting that even in
the presence of a significant overlap between nucleons the
internal quark structure remains largely unchanged. As a
consquence, quantitative studies of the transition to the
regime in which degrees of freedom other than nucleons
become relevant will require the use of NN interaction
models suitable to describe nuclear dynamics up to the
scale typical of the phenomenological approach.
This contents of this paper largely reflect the views
expressed in a talk given by the author at the Work-
shop Strong Interaction: From Quarks and Gluons to
Nuclei and Stars, held in Erice, Sicily, in September 2018.
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